Abstract. We show that the standard sphere on R3 admits a Tchebychev net which covers an open subset of the sphere which contains a closed hemisphere.
In our case k = 1 and hence we have the sine-Gordon equation. We use a particular solution of the sine-Gordon equation and put a Riemannian metric of the form 2 2 2 dxx + 2 cos adxj dx2 + dx2 on some open subset of R and construct an isometry from a subset of the standard sphere onto this chart. By using careful estimates we show that the domain of this chart contains a closed hemisphere and hence we arrive at the stated conclusion.
Although it was generally believed that a Tchebychev net covering the closed hemisphere exists, as far as we know, ours is the first rigorous mathematical proof of the existence of such a net. 2 3 2. Preliminaries and the main result. Let S denote the unit sphere in R endowed with the Riemannian metric g induced from the Euclidean metric in R3.
Definition 2.1. A Tchebychev net on S2 is a coordinate chart (U, (x,y)) in R2 such that the coordinate vector fields have unit magnitudes with respect to g . These vector fields will be called fiber fields and thier integral curves will be called fibers.
Theorem 2.2 (Main Theorem). There exists a Tchebychev net (U, (x, y)) on S2 such that U contains a closed hemisphere.
3. Proof of the Main Theorem. Our aim is to construct a Tchebychev net on S2 such that orthogonal longitudes through the south pole are fibers. Let (U, (x, y)) be a Tchebychev net on S2. Define y: U -► R such that y(p) is the angle betwen and . Hence y = f at the south pole. It is well known that y is related to the Gauss curvature k (in our case k = 1 ) by the relation [Pi] , d y/dxdy = -k sin y . Also is parallel along the integral curves of j-and vice versa (in the sense of Levi-Civita) and this forces y to be | on each of the two longitudes mentioned above. Therefore we are led to the characteristic initial value problem B2 = -sin y, y(x, 0) -| = y(0, y) (3.1) dt dt where t = xy . The existence of a solution can be shown by assuming a power series for a and obtaining unknown coefficients by equating coefficients in (3.5). However we need some sharp estimates on the solution and therefore we work with (3.4) and find a solution by iterating the right-hand side. Since this technique is standard, we will omit the details and list only the relevant facts. The estimates given below are obtained by using the contraction mapping property.
Let a > 0 and let
(3.6) Fact 3.1. For arbitrary a > 0, (3.4) admits a unique C°°-solution. The algorithm, a0(x,y) = 0, (3.7)
aK+i(x,y)= [ f co s(aK(6, <f>))d<j>dd, j> 0, (x, y) € J , (3.8)
Jo Jo yields a sequence of continuous functions {a -}^0 on Ja which converges uniformly to the solution of (3.4). for all (x, y) € R such that \xy\ < \ . In particular \a{x, y)\ < f for all (x,y)e M2 such that \xy\ < f . Now let 2! = {(x, y) e M2: |x| < n, \y\ < it, \xy\ < f} and let y -| -a on 2 . Then y satisfies B2 --sin y y{x, 0) = ^ = y(0, y), (3.11) Oxdy ' ' 2 and y(x, y) G (0, n) for every (x, y) e 2). Thus y is a candidate for the angle 2 between the fibers of a Tchebychev net on S , where x and y are now coordinates with respect to a Tchebychev chart. We must produce an open subset ^ of S2 which is the domain of this Tchebychev chart. It is well known that the Riemannian metric can be written on a Tchebychev chart (see [Pi] , [St] ) as g(X,y) = dxl + 2cos y(x,y)dxdy + dy2.
(3.12)
Since ^ and ^ have unit magnitude with respect to g on 31 it follows that 2 2 2! endowed with the Riemannian metric g = dx + 2 cos ydxdy + dy admits a Tchebychev net , -j^)). If we can find an open subset ^ of S2 and an isometry cp from ^ into or onto 3 endowed with g , then , tp) is a Tchebychev net on S . We will produce such an open subset by using the exponential mapping.
First let us recall some facts from Riemannian geometry. Let (M, p) be a Riemannian manifold and p £ M. Then expp is a mapping having an open subset of TpM as its domain and M as its codomain, and such that
where a is the geodesic of (M, p) such that <j(0) = p and <j(0) = v .
The Riemannian metric p induces a unique Riemannian connection V on M. Many of the computations needed can be done conveniently by using the Christoffel symbols with respect to some coordinate chart.
Let (U, (x1, x2)) be a local coordinate chart on M. Then the Christoffel symbols k<2 are C°°-functions on U defined by (3.13)
dx' dx1 dx where the summation convention is used.
Let p = ptj dx' dx1 with respect to the local coordinates on U . Remark 3.4. The fact that = 0 for i = k is equivalent to the statement that on a Tchebychev net each fiber field is parallel along the integral curves of the remaining fiber fields.
Let t h-> (x(t), y(t)) be a geodesic of [3, g) . Then by (3.16) and (3.17) we get Lemma 3.9. The domain of exp0 contains (^f , ^75) for some S > 1 .
Proof. Let a\ [-b, b\ -► M2 , a(t) = (x(t), x(t)) be the geodesic satisfying <r(0) = 0 and (7(0) = (^=, ^=). Let u(t) = x(t) for all t 1 = Mt)\\l = 2(1 +cos y)u\t).
Since y{x(t), x(t)) e (0, f) we conclude that 0 < u(t) < . Thus x2(t) < (^) = . Since x < f it now follows that x(f) is defined and (x(t), x(t)) € Int (^) for all t e [0, f ].
We would like to find an isometry from some subset of S2 into 3! such that the south plole is mapped to the origin. Hence some longitude would be mapped to the geodesic a which we had just considered and in particular cr(|) would correspond to a point on the equator on S . We now produce as a candidate for the equator a geodesic passing through <r(|) and orthogonal to a. {(x, 0): 0 < x < \flx}, {(x, x) e 0 < x < x} and {(x, 2x-x): x < x < 2x}.
Since the line {(x, 2x -x): 0 < x < 2x} is in the interior of 2+ , fx does not leave 3>+ by crossing the curve xy = | or y = n .
Moreover, the curve n does not cross the line {(x, x): 0 < x < x} for t e [0, T], since if it does, there is a geodesic triangle contained in A the sum of whose interior angles is greater than f . However, since the Gaussian curvature of g is equal to 1 and since the measure of A (with respect to the measure induced by g ) is less than 1, this contradicts the Gauss Bonnet theorem.
Since v(t) <0, t e [0, T], it follows that the geodesic fi ultimately leaves 2+ by crossing the x-axis.
Let 2 be the closed region bounded by the line x = y, the geodesic n , and the positive x-axis.
We now show that we can construct a diffeomorphism of a segment of the hemisphere into 2 . We introduce Gauss coordinates to do so. is well defined, and it is the inverse of a Gauss coordinate system on the sector 2. We claim that y/ is one to one. In order to show this we use the following fact from [Kl] where (t, d) are polar coordinates on the disc. If (p is not one to one, then the injectivity radius is less than or equal to f . It follows that there are 2 geodesies r]x, rj2 in 3 eminating from the origin of the same length r(0) < | which meet. Let the parameter t denote arclength parameterization on each geodesic. Since exp0: 5r(0)(0) -> 3 is the inverse of a Gauss coordinate system, we have an isometry from exp0(5r(0)(0)) to a southern polar cap of radius r(0) of the sphere. By considering the isometry, we conclude that the distance d[r]{{t), rj2(t)) is increasing with t. But this is a contradiction since ^,(^(0)) = rj2(r{0)). Since <p is one to one it follows that y/ is one to one. We have now seen that the injectivity radius at the origin is greater than f and hence if/ is a diffeomorphism providing a sectorial Gauss coordinate system.
We have now established that y/: [0, f] x [0, f] -► 3 is a bijection. Also, no point in 3 is antipodal to the origin along any geodesic. Hence is a Gauss coordinate system on 3 and therefore 3 can be mapped isometrically onto the subset of S in the closed southern hemisphere bounded between longitudes 0 and 90 degrees.
By symmetry there exists an isometry from the closed southern hemisphere into 3 such that the image is contained in the interior of 3 . Since Gauss coordinates have open domain, we can increase the domain slightly and obtain a surjective isometry (p: W -> W such that W is an open subset of S and contains the closed southern hemisphere and W is an open subset of 2). Moreover, we can use the inverse of (p: W -> K2 to construct a Tchebychev net on S2. This concludes the proof of the Main Theorem.
